ONE CYCLES ON RATIONALLY CONNECTED VARIETIES 



ZHIYU TIAN AND RUNPU ZONG 

Abstract. We prove that all curves on a separably rationally connected vari- 
ety are rationally equivalent to a (non-effective) integral sum of rational curves. 
That is, the Chow group of 1-cycles is generated by rational curves. Applying 
the same technique, we also show that the Chow group of 1-cycles on a sep- 
arably rationally connected Fano complete intersections of index at least 2 is 
generated by lines. 

As a consequence, we give a positive answer to a question of Professor 
Totaro about integral Hodge classess on rationally connected 3-folds. And 
by a result of Professor Voisin, the general case is a consequence of the Tate 
conjecture for surfaces over finite fields. 



1. INTRODUCTION 

In [14] and [16], the following question is asked by Professor Janos Kollar and 
Professor Claire Voisin (and in the case of dimension 3 by Professor Burt Totaro): 

Question 1.1. Is every integral Hodge (n — l,n— l)-class on a smooth projec- 
tive rationally connected n-dimensional variety over C a Z-linear combination of 
cohomology classes of rational curves? 

This question can be separated into two questions, as in |16j . 

• Is every intergral hodge (n— 1, n — l)-class on a smooth projective rationally 
connected n-fold over C a Z-linear combination of cohomology classes of 
curves? 

• Is every curve class on a smooth projective rationally connected n-fold over 
C a Z-linear combination of cohomology classes of rational curves? 

The first question is known in some special cases. 

Theorem 1.2. Let X be a smooth projective variety C. Then every integral Hodge 
(n — 1, n — l)-class on X is a Z-linear combination of cohomology classes of curves 
if X is one of the followings. 

• X is a uniruled or Calabi-Yau 3-foZti. [T5] 

• X is a Fano A-fold. [12] 

• X is a Fano 5-fold with index 2. j!2] 

• X is a Fano n-fold (n > 8 ) with index n — 3. [7] 

It is shown in 16J that a positive answer to the first question in general is implied 
by the Tate conjecture for divisor classes on surfaces defined over finite fields. 
Our main theorem gives a positive answer to the second question. 
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Theorem 1.3. Let X be a smooth proper and separably rationally connected variety 
over an algebraically closed field. Then every 1-cycle is rationally equivalent to a Z- 
linear combination of rational curve. That is, the Chow group CH\(X) is generated 
by rational curves. 

Recall that rational equivalence implies cohomological equivalence over the com- 
plex numbers C. Thus combining Theorem II .21 and Theorem II .31 we have: 

Corollary 1.4. Let X be a smooth projective variety over C. Then every integral 
Hodge (n — 1, n — l)-class on X is a TL-linear combination of cohomology classes of 
rational curves if X is one of the followings. 

• X is a rationally connected 3-fold. 

• X is a Fano 4-fold. 

• X is a Fano 5-fold with index 2. 

• X is a Fano n-fold (n > 8) with index n — 3. 

In particular, the 3- fold case of Question 1 1.1 1 is solved. And by |16j . we have: 

Corollary 1.5. Assume that the Tate conjecture for surfaces over finite fields is 
true. Then every integral Hodge (n — 1, n— l)-class on a smooth projective rationally 
connected n-fold is a Z-linear combination of cohomology classes of rational curves. 

For proof of the main theorem, one can first reduce rational equivalence to alge- 
braic equivalence (Lemma I3.3[) . Then in characteristic following previous works 
on families of rationally connected varieties one can proceed by applying the main 
construction of [5] to the trivial product IxP 1 (this part is already stated in the 
unpublished note [IB])- Professor Janos Kollar pointed out that a direct proof is 
possible by looking at the natural forgetful map 

F:M gfi (X, [C t ])^Mgfi 

from the Kontsevich moduli space of stable maps to the moduli space of stable 
curves, where Ct is some general smoothing of combs. Once we know this map is 
surjective, a similar degeneration argument proves the main theorem straightfor- 
wardly in all characteristics. 

We still include a section on the proof by the product trick which started the 
whole projects with a few remarks and applications. 

Next we turn to the study of one cycles on low degree complete intersections. 
First we have: 

Theorem 1.6. Let X be a (possibly singular) complete intersection of type (di, . . . , d c ) 
with di + . . . + d c < n — 1 . Then every rational curve on X is algebraically equivalent 
to an effective sum of lines. 

Then by the same technique proving our main theorem, we have the following. 

Theorem 1.7. Let X be a smooth complete intersection of type (d\, . . . ,d c ) over an 
algebraically closed field k. Assume d\ + . . . + d c < n — 1. If Char(k) — p > ; also 
assume that X is separably rationally connected. Then the Chow group of 1-cycles 
CHi(X) is generated by lines. 

Remark 1.8. A general Fano hypersurface in characteristic p > is separably 
rationally connected [T7]- And it is plausible that the same is true for a general 
Fano complete intersection. 
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Corollary 1.9. Let X be a smooth separably rationally connected complete inter- 
section of degree (d\, . . . , d c ) such that 

Edi(di + 1) 
< n. 
2 

i=i 

Then the Chow group of 1-cycles CH\(X) is isomorphic to 1. 

Proof. Under the assumption, the Chow group of 1-cycles is generated by lines 
and any two lines are rationally equivalent since the Fano scheme of lines in X is 
rationally chain connected (c.f. Proof of Theorem 4.2, Chap. V, [IS])- O 

Remark 1.10. One can prove that the Chow group of one cycles is isomorphic 
to Z for all complete intersections with a slightly worse degree bound (Proposition 
I4.8p . The result with Q coefficients is well-known (Theorem 4.2, Chap. V, [13] ) 
even without the smoothness assumption. 

Acknowledgment: We thank Professor Burt Totaro for introducing the ques- 
tion to us by his enlightening lectures, correcting innumerous mistakes in the first 
draft of this paper, and helping us to form the final argument, Professor Claire 
Voisin for a rough argument of reducing rational equivalence to algebraic equiva- 
lence and helping us with references, Professor Janos Kollar for his constant support 
for the second named author and enlightening comments on the proof, Professor 
Jason Starr for helpful discussions about rational curves on Fano complete inter- 
sections, and Professor Chenyang Xu for very encouraging comments during the 
project. 

2. PRELIMINARIES 

2.1. Algebraic Cycles. 

Definition 2.1. Let X be a scheme over a field k. For < p < n, an alge- 
braic p-cycle is a Z-linear combination of irreducible and reduced subvarieties with 
dimension p of X. We call the cycle effective if all the coefficients are non-negative. 

Definition 2.2. The algebraic (resp. rational) equivalence relation between p-cycles 
is generated by the following relations between two p-cycles C\ and C2: there is a 
non-zero effective p-cycle E such that there is a smooth curve C (resp.P 1 ) and a 
subscheme P C C x X (resp.P cP'x X) which is proper and flat over C (resp.P 1 ), 
P\t for any t in C (resp.P 1 ) is a subscheme of pure dimension p, and there are 
two points ti,t 2 in C (resp.P 1 ), such that [P\ tl ] = C\ + E and [P\t 2 ] = C 2 + E, 
here [P\t] ■= J2i Multz it (P)Zi t where Zi t are irreducible components of P\t and 
Multz it (P\t) is the multiplicity of P\t at Zi t . 

Definition 2.3. Notation as above. By CH P (X) we mean the group of p-cycles 
modulo rational equivalence. And by CH p (X) a i g we mean the subgroup of CH p (X) 
generated by cycles algebraically equivalent to 0. 

Here is a classical lemma which we will use later, see [5] Sec. 7 for detail. 

Lemma 2.4. Notation as above. The group CH p (X) a i g is a divisible group. Namely, 
for any integer N > and any element x in CH p (X) a i g , there is another element 
y in CH p (X) a ig such that x = N ■ y. 

Proof. By Definition ^. 21 this follows immediately from the divisibility of CHo (C) a i g — 
Jac(C), where C is a smooth curve. □ 
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2.2. Rationally Connected Varieties and Smoothing of Curves. 

Definition 2.5. Let Jbea proper variety over a field k. It is Separably Rationally 
Connected(SRC) if it is smooth and there is a generic smooth family of 1-cycles 
with rational components: 

F X 

9 I > 
B 

over k such that the double evaluation map: 

is generically etale and dominates X x X. If we drop the etale condition, it is 
called Rationally Connected(RC). And if we don't require the generic smoothness 
of F — > B, it is called Rationally Chain Connected(RCC). It is well know that when 
char k = 0, RCC & RC <£> SRC. 

Definition 2.6. Let X be a smooth proper variety over an algebraically closed 
field. A morphism / : P 1 — > X is free (resp. very free) if f*Tx is non-negative(resp. 
ample) . It is well-known that X is SRC iff it contains a very free curve. 

A variety is separably rationally connected if and only if there is a very free 
rational curve. 

Definition 2.7. Let k be an arbitrary field. A comb with n teeth over A: is a 
projective curve with n + 1 irreducible components Co, Ci, . . . , C n over k satisfying 
the following conditions: 

(1) The curve Co is defined over k. 

(2) The union C\ U • • • U C n is defined over k (Each individual curve may not 
be defined over k). 

(3) The curves C±, . . . , C n are smooth rational curves disjoint from each other, 
and each of them meets Co transversely in a single smooth point of Co 
(which may not be defined over k). 

The curve Co is called the handle of the comb, and Ci, . . . , C n are called the teeth. 
A rational comb is a comb whose handle is a smooth rational curve. 

One of the most important technique in studying separably rationally connected 
varieties is the smoothing of a comb. The following result is implicit in the book 
[13] and follows from the work of Kollar-Miyaoka-Mori. 

Proposition 2.8. For any irreducible curve C in a smooth proper and seperably 
rationally connected variety X over a field, there are p> very free rational curves 
Ci, ...,C P , such that 

(1) C U Ci U ... U C p is a comb as in Definition \2. 7| which can be smoothed to a 
smooth curve Ct in X . 

(2) H\C t J t *T x )=0. 

For the proof, we need the following lemma. 

Lemma 2.9. Let C be a smooth projective connected curve of genus g and f : C — > 
X be a morphism to a smooth variety. Then there is a number n such that for any 
line bundle M of degree at least n, H l (C, f*Tx <8> M) = 0. 



ONE CYCLES ON RATIONALLY CONNECTED VARIETIES 



5 



Proof. There is a line bundle L on C such that H 1 (C, /*Tx ® £) = 0. Take n to be 
degL + g. Then for any line bundle M whose degree is at least n, H°(C, M ® L) 
is non-zero since any divisor with degree at least g is rationally equivalent to an 
effective divisor. Take a divisor E in the linear system \M — L\. We have the 
following short exact sequence: 

-> f *T x (g> Ir -> /*T X ® M -> /*T X | S -> 0. 

Thus tf^C, /*Tx <g> A/) = 0. □ 

Proof of Proposition \2.8[ We can assemble a comb whose handle is C and whose 
teeth are very free curves Cj, 1 < i < m. By Theorem 7.9, Chap II, [13], at least 
m — /i 1 (C, f*Tx) teeth can be smoothed. We choose m to be large enough so that 
m — /i 1 (C, Tx|c) > n i where n is the number in Lemma 12.91 Then that a general 
smoothing Ct of the subcomb has H 1 (Ct,Tx) = by Lemma [2.101 (take E to be 
the pull-back of T x to Y and p = m - h 1 (C, T x \c) > n). □ 

Lemma 2.10 ([13], Chap. II, Lemma 7.10.1). Let L>* = L> U Ci U C 2 ... U C p 6e 

a comb with p teeth as in Definition \2.7\ Let q : Y — > T a general smoothing of 
D* . And let E be a vector bundle over Y such that the restrictions E\c t are all 
ample and H 1 (D, M (8 E\d) = for every line bundle M of degree at least p. Then 
H 1 (Ct,E\c t ) = for a general t. 

Remark 2.11. Let / : C —> X be a curve in a separable rationally connected 
variety X . Assume C is embedded. One can add very free rational curves and form 
a higher genus nodal curve and smooth it, as done in Section 2.2, [9]. When C 
is not embedded in X, one can first embed C in X — > P 3 and then do the above 
operation and project to X. In other word, after adding suitable rational curves, 
we can deform the reducible curve to a curve of higher genus in X . 

2.3. Moduli Space of Stable Maps. 

Definition 2.12. Let C be a connected nodal curve, and X be a variety. We call 
a morphism / : C — > X a stable map if every component of C which is mapped to 
a point is one of the followings: 

• A curve with arithmetic genus at least 2. 

• A curve with arithmetic genus 1 with at least 1 nodal point. 

• A curve with arithmetic genus with at least 3 nodal points. 

Let j3 be a homology class in H2 (X, Z) . We have the Konsevich moduli space of 
stable maps M g ^(X,j3) ([8]). When X is a point, we recover the moduli space of 
stable curves M ffj0 as in [6]. 

Let X and Y be smooth proper varieties with a morphism tt : X — > Y. Fix a 
class j3 G H%(X, Z). We have then a natural forgetful map ([3]): 

F:M gfi (X,0) -+M gfi (Y,**0) 

defined by composing a map / : C — > X with tt and collapsing components of C as 
necessary to make the composition tt o f stable. 
Now we have an easy but important lemma: 

Lemma 2.13. For a stable map f : C —> X which is non-constant, the components 
that are contracted under 

F:M 9 , (A,/3) ^M gfl {Y^(3) 
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are all rational. 

Proof. By Definition 12.121 the only possible non-stable components are the follow- 
ings. 

(1) Smooth rational curve with at most 2 intersection points with other com- 
ponents of C. 

(2) Nodal rational curve with at most 1 intersection point with other compo- 
nents of C. 

(3) Smooth elliptic curve which is a connected component of the curve con- 
tracted at some step. 

The third case can be excluded since C remains connected after any contractions. 

□ 

3. REDUCING RATIONAL EQUIVALENCE TO ALGEBRAIC EQUIVALENCE 

Proposition 3.1. Let X be a proper rationally chain connected variety over an 
algebraically closed field. Then there is a positive integer N together with a family 
of effective 1-cycles with rational components 

F ^ X 

9 I 
B 

where u is the evaluation map, such that for any 1-cycle D in X, there are integers 
mi 's and rational curves Fi 's in the fibers of g : F — > B, which satisfies the following 
rational equivalence relation: 

N ■ D ~ r . e . ^77ijU*(Fj). 

i 

Proof. ( [13] Chapter IV- prop 3.13.3) By definition, there is a family of connected 
effective 1-cycles with rational components g : F — > B in X (simply take B to be 
some subvariety of the Chow- scheme as in |13|). and such that the map 

to: F x b F -» X x X 

is generically finite of degree N and dominant. Let u : F — > X be the evaluation 
map. 

Now pick a general point xq of X , then uq : u (xq) XbF — > xq x X is generically 
finite of degree N and again dominant. Denote u~ 1 (xo) x g F by F . And let 
Bq = g(u^ 1 (xQ)). Then we have a diagram: 

F ^ X 
9 I 

Fix an irreducible curve C in X. Then the class [C] is rationally equivalent to a 
class of the form [Ci] — [C2], where C\ and C2 are curves in X containing a general 
point. Indeed, one can find a curve C" as a residual curve of C sum of general 
irreducible curves such that C + C is a complete intersection. So we may assume 
that C contains a general point. Let C be the inverse image of C under no- Then 

UoAC] -r.e. N- C. 

The curve C is a section of the ruled surface 

F Q x Bo C^C 
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with another section Co : u (xo) x b C, which is mapped to xq after the evaluation 
map uq. 

Since two sections of a ruled surface are rationally equivalent modulo rational 
curves in the fiber, we have 

C — Co ~r.e. ^i-Fi 

where F^s are irreducible components of the fibers of F — > B. Pushing forward 
this relation to X. Since «o(Co) = %o, we get 

iV-C~ r . e . J2 m * F *- 

i 

□ 

Denote by -N the map of multiplication by N in CHi(X) a i g . Then 

CHi(X) a ig — > CHi(X) a ig 

is surjective by the divisibility of CHi(X) a i g (Lemma 12. 4p . Together with Propo- 
sition [371] one immediately has: 

Corollary 3.2. Notation as in Provosition \3.1\ Then CH\{X) a i g is generated by 
1,-linear combinations of the irreducible components of the fibers of F — > B whose 
classes under m* are algebraically equivalent to in X . 

So we can reduce rational equivalence to algebraic equivalence. 

Lemma 3.3. In order to prove the main theorem \1.3\ it suffices to prove that 
rational curves generate the group of one cycles modulo algebraic equivalence. 

Proof. Assume that for any curve C in X , there are rational curves C's and integers 
n^s, such that 

i 

is algebraically equivalent to 0, namely, an element in CHi(X) a i g . Then by Corol- 
lary we have rational equivalence relation 

[C]-J>[C 4 ] -,, Y^m, F 

i 3 

where m^'s are integers and F/s are rational curves in the fibers of F — > B. So C 
is rationally equivalent to an integral sum of rational curves. □ 

4. PROOF OF THE MAIN THEOREM OVER C WITH A PRODUCT TRICK 

Firstly, we can use a product trick to prove the main result of this paper over 
the field of complex numbers C, by applying the main argument of the celebrated 
paper "Families of Rationally Connected Varieties" of T. Graber, J. Harris and J. 
Starr (0). 

Theorem 4.1. Let X be a smooth projective rationally connected variety over C. 
Then every curve on X is algebraically equivalent to a "L-linear combination of 
rational curves. 
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The idea of proof is to first lift any irreducible curve C in X to X x P 1 . By 
[9], there are very free rational curves which are horizontal with respect to the 
projection to P 1 , just add enough of these curves to form a comb and then smooth 
to a curve C which is flexible in the sense of [3]- the natural map 

is proper and surjective at the corresponding component. Specialize the image of C 
to a sum of rational curves and controlling the contracted non-stable components 
by Lemma T2.131 and fush forward this relation back to X, we will get the result. 
The following two subsections are largely a restatement of the un-published note 

us]. 

4.1. Families of rationally connected varieties. Let Y be a smooth projective 
variety with a morphism Y — > P 1 whose general fibers are rationally connected. 

For a class f3 € H2 (Y, Z) having intersection number d with a fiber of the map 
7r. We have then a natural morphism: 

<p:M g , {Y,(3)^M g , (F\d) 

Definition 4.2. Let / : C — > Y be a stable map from a nodal curve C of genus 
g to X with class f*[C] — j3. We say that / is flexible relative to tt if the map 
(p : ~M gfi (Y,(3) -t M g . (P\d) is dominant at the point [/] G M gt0 (Y,j3) and tt : 
C P 1 is flat. 

Proposition 4.3. A flexible curve f : C — > Y can be degenerated to an effective 
sum of rational curves in Y . 

Proof. It is a classical fact that the variety M g fi(¥ 1 ,d) has a unique irreducible 
component whose general member corresponds to a flat map / : C — > P 1 , sec [?]. 
Since the map <p : M g< o(Y,f3) — > M g $ (P 1 , d) is proper, and tt : C —> Y is flexible 
then if will be surjective on the component of tt : C — > Y. By Lemma 12.131 it is 
enough to find a degeneration of C — > P 1 in M S) o(P , d) as a sum of rational curves, 
which is elementary. 

□ 

Theorem 4.4. (Main Construction of \§\)For any multisection B — > P 1 , there are 
rational curves Ci 's such that B U C\ U ... U C m can be deformed to a flexible curve 
ofY -4 P 1 . 

Which gives the main theorem of [5]. 

Theorem 4.5. (Main theorem of Notation as above, Y — > P 1 has a section. 

4.2. Proof in characteristic 0. Now we can prove Theorem 14. II 

Proof. Take Y = X x P 1 , for any irreducible curve C C X, lift it to a curve C in 
X x C Y. Since Y is rationally connected, we can add enough free curves of Y 
which are horizontal with respect to the projection Y —> P 1 , such that the comb 
can be deformed by Remark 12.111 to a multisection M of the fibration Y — » P 1 . 
Then by Theorem 14.41 we can add some other rational curves to M to be deformed 
to a flexible curve, and then by Proposition 14.31 it can be degenerated to a sum 
of rational curves, so C is algebraically equivalent to an integral sum of rational 
curves in Y, the rest is simply pushing forward back to X . □ 
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Remark 4.6. One can try to prove the main theorem in all characteristics by 
applying the main argument of [4] to X x P 1 . 

4.3. Applications of the product trick. After lifting tolxP 1 , all curves in X 
will have higher degree of freedom for deformation and degeneration. This product 
trick gives a weak form of Proposition l3 . 1 1 without usage of Hilbert or Chow schemes. 

Proposition 4.7. Let X be a proper rationally connected variety over an alge- 
braically closed field, then CH\(X) ®z Q is generated by rational curves. 

Proof. For any curve C in X, lift it to a curve C in X x C X x P 1 , one can 
add enough general curves to C which becomes global complete intersections and 
hence rationally equivalent to another general curve C . So we may assume that C 
is general, especially a multisection of the projection IxP 1 — > P 1 . Take any point 
x 6 X, let C" be the natural section x x P 1 c X x P 1 , then after a finite base 
change S — > P 1 , both C and C" will become multiple of sections of the projection 

X x P i S 

and X Xpi K(S) is a geometrically rationally connected variety over the function 
field K(S) of S, so again after a base change S' — > S. By definition of geometrically 
rational connectedness, there will be a rational curve in X x r i K(S') connecting 
C Xpi K(S') and C" Xpi K(S'), which is simply a ruled surface with 2 sections 
C and C" . Recall again the classic fact that two sections of a ruled surface are 
rationally equivalent modulo an integral sum of fiber componcnts-which are all 
rational, the result follows from pushing forward everything back to X. 

□ 

We give one more application of the product trick. Although, strictly speaking, 
the trick is not necessary, it does make the proof more transparent. 

Proposition 4.8. Let X C P™ be a closed subscheme defined by equations of degree 
di, . . . , d c such that JDi=i df < n. Then CHi(X) = Z. 

Proof. Let / : C — > X be a curve in X. We first show that C is rationally equivalent 
to a sum of lines in X . 

Consider the graph T of the map in C x X . Choose a trivial section S = C X x 
of C x X — > C, where a; is a closed point in X. Now think of the fibration over C 
as a scheme X defined over K(C), the function field of C, by equations of degree 
di, . . . ,d c and the graph and the trivial section as two rational points. Under the 
assumptions on dj's, X is rationally chain connected by chains of two lines. And 
furthermore, the scheme parametrizing the chain of two lines containing two points 
are defined by equations of degree 

(l,2,...,di - l,l,2,...,di - l,di,...,l,2,...,d c - l,l,2,...,d c - l,d c ). 

To see this, just consider the equations for the intersection point of the two lines. 
In particular, the scheme parameterizing chains of two lines containing the two 
rational points is a scheme defined over K{C) by equations of the above degrees. 
Then by Tsen's theorem, there is a rational point in the scheme. The chain of lines 
between the two rational points is equivalent to a chain of ruled surfaces over C 
containing the two sections T and S as sections (of the ruled surface). So 

r ~r.e. S + lines 
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in C x X. Then push forward the relations to X. Notice that the push- forward 
of [S] is 0. Thus we get the desired relation in X. Finally note that the any two 
lines in X are rationally equivalent since the Fano scheme of X is rationally chain 
connected under the assumptions on di. □ 

The same argument also gives: 

Proposition 4.9. CHi(X) is generated by lines for smooth cubic hyper surface X. 

5. DIRECT PROOF OF THE MAIN THEOREM IN ALL CHARACTERISTICS 

We begin with a lemma. 

Lemma 5.1. Let f : C — > X be a non- constant map from a smooth projec- 
tive connected curve C of genus g(> 2) to a smooth proper variety X . Assume 
H 1 ^', f*Tx\c) — 0. Then the natural forgetful map: 

F : M g , (X, [C]) -> M s , 

is surjective at the component containing the point represented by (/ : C — > X). 

Proof. The deformation and obstruction space of the stable map (/ : C — > X) is 

De/(/)=H 1 (C,Mifom 0c (n / ,Oc)) 

Obs{f) = V 2 (C,RHomo c (^f,O c )) 
where is the complex 

-1 

f*n x n c . 

We have the long exact sequence 

-> H Q (C,T C ) -> H°(C,T X \ C ) -> H 1 (Rffom 0o (n>,O c )) 

^ H X (C,T C ) ^ H l {C,T x \c) ^W 2 {RHam 0c {n f ,O c )) 

Note that H 1 {RHomo c (Qy , Oc)) — > H 1 ^,^) is the map between tangent spaces 
of M 9i0 (^, [C]) and M 9 , - Thus the vanishing of ^(CTxIc) implies both the 
surjectivity of the tangent space map and smoothness of M g ^{X, [C]) at the point 
represented by (/ : C — > X). Thus F is dominant at the component containing the 
point (/ : C — > X). Since F is also proper when restricted to this component, it is 
also surjective. □ 

Now we can finish the proof the main theorem by the following result and 13.31 

Theorem 5.2. Let X be a smooth proper and separably rationally connected variety 
over an algebraically closed field with arbitrary characteristic. Then every curve on 
X is algebraically equivalent to a TL-linear combination of rational curves. 

Proof. For any curve C in X, just adding enough very free curves to form a nodal 
curve with arithmetic genus > 2, which by Remark [2.11l Proposition ^. 8l and Lemma 
I5.1l has general smoothing C* giving a point in the Kontsevich moduli space of stable 
map M g fi(X, [Ct]), and over the point represented by Ct the forgetful map 

F : M g fi(X, [C t ])^M gfi 

is surjective at the component containing it. 
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Now M 3t o is irreducible [BJ. So specialize the image of C t in M g , to a singu- 
lar stable curve whose irreducible components are all rational curves. And then 
just pick any pre-image of the point in the irreducible component of M g fi{X, [Ct]) 
containing [Ct]. By Lemma 12.131 the pre-image is represented by a map from a 
curve with only rational components to X. Thus the curve class [Ct] (hence [C]) is 
algebraically equivalent to the class of a union of rational curves. □ 

Remark 5.3. An elliptic curve without any marked point is not stable. So we 
increase the genus first to get a stable curve. One can also use M 9i i and slightly 
modify Lemma [231 and Lemma [5. II to adapt to this case. 

6. 1-CYCLES ON LOW DEGREE COMPLETE INTERSECTIONS 

In this section, we prove the following theorem by the same technique as in 
previous sections. 

Theorem 6.1. Let X be a smooth complete intersection of type (d\, . . . , d c ) over 
an algebraically closed field k. Assume d\ + . . . + d c < n — 1. If Char(k) = p, also 
assume that X is separably rationally connected. Then the Chow group of 1-cycles 
CHi(X) is generated by lines. 

By the assumption, X is rationally chain connected by chains of lines (Lemma 
4.8.1, Chap. V of |T5]), Let F(X) be the Fano scheme of lines of X. Then 

(1) CH (F(X)) (gi Q -> CH X {X) ® Q is an isomorphism ( Proposition 3.13.3, 
Chap. IV [13]). 

(2) The cokernal of CHo(F(X)) a i g — > CHi(X) a i g is annihilated by an integer 
N (c.f. Proposition 1371). 

Thus it suffices to show that every curve is algebraically equivalent to an integral 
sum of lines. By the main theorem II. 31 it suffices to show that every rational curve 
is algebraically equivalent to an integral sum of lines. 

Theorem 6.2. Let X be a (possibly singular) complete intersection of type (di, . . . , d c ) 
withdi + . . . + d c < n— 1. Then every rational curve on X is algebraically equivalent 
to an effective sum of lines. 

We will need the following connectedness result of Hartshorne. 

Lemma 6.3 (Hartshorne, |11|). Let X be a subscheme in P N defined by M homo- 
geneous polynomials. And Let Y be a closed subset of X with dimension less than 
N — M — 1 . Then X — B is connected. 

Proof of Theorem \6.2[ We use induction on the degree. The degree 1 case is obvi- 
ous. 

Assume the statement is true for all rational curves whose degree is less than e. 
Fix a copy C of P 1 , and consider the parameter space 

P := ¥{Hom(V*,H°(C, 0(e)))) 

If we choose homogeneous coordinates Xo, . . . , x n on P(V), then P parametrizes 
(n + l)-tuples [uq, ...,u n ] of homogeneous degree e polynomials on C. 

Let A be a complete intersection of codimension c of type (di, . . . , d c ) defined by 
nonzero degree di homogeneous polynomials < i < c) on P(V). Define Fx to 
be the closed subset of P parameterizing [uq, u n ] such that Fi(uo, u n ) equals 
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for all 1 < i < c. The subvariety Px is defined by homogeneous polynomials of 
degree 

di, . . . , d\ , . . . , d c , . „ ,dc 

edi + l ed c + l 

on P. 

Let B C P be the closed subvariety parameterizing tuples [uq, . . . ,u n ] where 
span{uQ, u n } in H°(C, 0(e)) is 1-dimensional, i.e., every pair Ui,Uj satisfies a 
scalar linear relation. The codimension of B in P is ne. Let DcPbe the closed 
subvariety parameterizing [uq, ■■■,u n ] that has a common zero in C. Clearly D 
contains B. The point outside D parametrizes a degree e map from C to P™. 

Now we see that Px f~l B is represented by a degree e polynomial in two variables 
(up to scaling) and a point in X. So its dimension is n — c + e. Then in the situation 
of Lemma 1^751 take Y to be Px H B and N = ne + n + e, M = e(dx + ... + d c ) + c. 
The condition n — c+ e < N — M — 1 is simply 

e(rt — di — di — ... — d c ) > 1. 

Therefore Px — -B is connected for all e > 2. 

Now let u — [uq, . . . , u n ] be any element of Px — B, e.g., a parameterized, degree 
e morphism from C to X. Let u' be a degree e multiple cover of a line in X. Then 
u' is algebraically equivalent to a union of lines. Since Px — B is connected, there 
exists a connected curve mapping to Px — B whose image connects these two points. 
We may assume that it is a chain of irreducible components, with each consecutive 
pair meeting in a single node. 

If none of the nodes is contained in D, then after deleting finitely many points 
from the curve, none of which are the nodes, we may assume the entire connected 
curve is disjoint from D. Thus this connected curve parameterizes a family of stable 
maps. Then u is algebraically equivalent to u , and hence algebraically equivalent 
to a union of lines. 

So it remains to consider the case when some of the nodes lie in D. Consider the 
first such node, starting from the component containing u. Approaching the node 
from the component closer to u, we have a family of elements in the complement 
of D which approaches a point of D, i.e., we have a family of stable maps which 
approaches a point of D. But this is a point of D which is not in B. So the 
corresponding rational map from C to X is non-constant of degree strictly less 
than e. It follows that the limiting stable map has at least one component of 
positive degree which is strictly less than e, i.e., this is a point in the boundary. 
But then, each component of this boundary stable map has degree strictly less than 
e, hence by induction each component is algebraically equivalent to a union lines. 
Thus u is also algebraically equivalent to a union of lines. □ 
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